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STUMMARY

& theoretical iuvestigation was made of the buckling
of an infinitely long flat olate with edges clastically
restrained uyd]n t rotation under combinations of longl=-
tudinal and transverse dirsct siress. Interaction curves
ars presanted that give the critical combinations of
stress for several dAifferent degrses of elastic edge
wport
-

Ie%uruﬁnt, including simple suur and complets fLAAty-
It was f01nd that an eppreclable fraction of the critical
longitudinal stress may be avnplied te the plate without
eny reducticn in the transverse compressive gtress
required for buckling.

TITNTRODUCTION

Because the skin of an airp ?1ﬂn in flight is sub-
jeetea to combinations of stre¢s, tention has recently
been given to the w”oblem of nlate buoillng when more
than cne stress is acting. The pressent paper is the
third of & series of La@br‘ AﬂqlVZLHD the elastic buck-
ling, under the action of two ziresses, of an infinitely
long flat plate with edges equaily restrained against
rotation and fully supnorted, The two previous papers
are reference 1, which dsals with the interection of
shear and longltudinael direct stress, snd reference 2,
which deals with the infuw:vtlon of shear and transverse
direct stress. The present naper describes ths inter-
action of 1nngitudinwi and traunsversze direct stress.
These three loading combinations are illustrated in
figure 1.
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Interaction curves that give the critical direct-
stress combinations for several different degrees of
elastic edge restraint, including simple support and
complete fixity, are presented for the case in which the
magnitude of the rﬂstfa¢nt is Lndependent of the buckle
wave length. hese curves are based on an exact solu-
tion of the differential equation of equilibrium, the
details of which are given in the appendix.

SYMBOLS

-

R elastic modulus of plate material

L Poisson'!s ratio for ?late material

t thickness of plate

b width of plate

a length of plate (a > b)

D flexursal stiffness of plate per unit length

R,
| 12(1 - p2>

X longitudinal coordinate

v transverse coordinate

W normal displacement of a point on buckled plate
from 1ts undeflected si ion

A halfl wave length of buckle

Sy rotational stifiness of reutraLning nedilum along
edges of plave, mouent per quarter radian per
unit length

€ dimensionless elastic edge-r estralﬁt constant

tee)

<h50b>
D
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Oy applied uniform longlitudinal compressive stress
Oy applied uniforim transverse compressive stres
N, = Oyt
y = 9y / 0, b2t
Kys ky dimensionless stress coefficients \%x = ﬁ;gg*:
\
c 2t
= )
7D /
RX lorngitudinal direct-siress ratio; ratio of
lonqitudlxal direct stress present to critical
<
strese in pure leoagitudinal compression
Ry transverss direct-stress ratio; ratio of trans-
verse direct stress present to criticel
strecs In pure transverse compression

RESTLTE AND DISCUSSION

The results of this investigation sre glven in the
form of nondimensional interaction curves in figure 2.
Each point on these curves represents a CTLthQl combi-

nation of the astresa coefficiesnts kx and ky for a

given elastic edge-restraint constant ¢ at which an

infinitely long flat rlate will btuckle. The interaction
curva s for plates with simpl f svnrorted ana clamned
edges ars given in figure 3 in terms of stress ratios
rather than stress cosftfisients. The calculated data
used to plot the intsrsction curves are glven in table 1.

~ Applicability of the interaction curves.- Critical
combinZtlons of longitudinel and transverse direct stress
for an iniinitely long flat olate with edges elther
aimnly suoported or clamped can be obtained from the
interaction curves of figure 2. Critical combinations
of direct stress for a plate with intermediate elastil
restraint szgainst edge 1”r)*’-"’c;ion cen slso be obtained
from figure 2 for those cases in which ths stiffuness of
the restralining medium 1s independent of buckle wave
length (¢ = a congtant)., Such edge restraint is provided

o
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S

tion at one point does not
cint. ©Ddge conditions of
ncountered but might occur
i by a row of discrete
1 ible clemps.

only by a medium in which rota
influence rotablon at anctner j
this type are not ordinarily e
when the resiraint is furnished
g

)
3

elements, such as coil springs or

Because of the great vari of »o ie ﬂeﬁo ¢ons%ips
between edge restraint and wave le only tne curves
for edge restraint indspendent of La“ft% are shown.
If criticel stress combinations for a plate with con-
tinvcus edge wobtnu;1t (€ deﬂendcwt on wave lenguh) are
desired, they can be computed - though somewhat labo-
riously by the mcethod outlined in tnc apoe ndix, Pro-

. relationship 2

between edge
. relationship is deriveq in refer-
ence 9 1or th gneclt case of a sturdy stiflener, that
i ti wiich twists without cross-sectional

The buckling stress for a finite plate car never be
lower than th&t Tor an infinite plate having the same
width and thickness e the finite plate is strength-
ened by Quhﬂor a?onr two additional edges. The use of
figure 2 to estimuate the critical cdirect stresses for a
;“nLte plate with edie rest?aint independent oi wave
length, thsrefors, is in all cases conservative.

Vertical portiong of i action curves,-
vertical portions of the interaction curves (f

o

indicate thet a considerable amount of longltudinal com-
4 T A
ue

Ji“)‘

Y

pression ray be apr: $LJL to the slate without any red
tion in the transvsras compres Y for buckling.
This result parallels the result of rcle
which 1t was found th:at a comsidorabL« gpount
stress uld be applisd to an inf:

duction in the transver

witbout any re T

necesseary to cause buckling. er hen

erence 1 it was shown that the cf she

reduces tihe Fongltudinal corpr 285 re

produce buckles This dispari vior 1
dL"“ﬂbutuu_o tn the character kle fo

the three tiypes of stress. (3¢ ) The

forwm Tor shear alone (fig. li(a transformed con-
tinuously into thet for longlt: piression alone
(fig. Li(b)) by & gradual addit: nregsion and
subtraction of shear. Nelther buckle [orms,
howsever, can e conblnuously transformed into the buckle
form for transverse mpression alone i, Lie)).
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\J1

The vertical portions of the interaction curves
extend indefinitely intc the tension region of Lky. (For
convenience, in fig. 2 the curves ars stopped at a small

negative value of ky.) This property of the curves
indicates that tThe presence of longitudinal tension has
no effect upon the transverse stress necessary to produce
buckling.

SUMIMARY C¥ RESULTS

Interaction curves &are presented Irom which critical
combinationg of longitudinal and .transverse direct stress
for an infinitely long flat plate with edges eilther simply
supported or ciamped can be obtained. ritical combi-
nations cof direct stress for 1nt°rmediate elastic
restraint against edge rotation can also be obtained
from the interaction curves for those cases 1n which the
stiffness of the restraining medium is independent of
buckle wave length. For cases in which the gstiffness of

the P“SLWQLH ng medium wVﬁe ids upon the buckle wave length
and the relationship between the two is known, the critical
CO“Dlﬂ&ilOH of direct “tr@““ can be deterinined - though
somewnat laboriously - by a method similar to that usc

in obtaining the interac tion curves.

A congiderablie amount of 1odbi+u6Lnal compression
may be epplied to an infinitely long flat plate before
there is any reduction in the trunsverse compression
necessary to Droduce buckling. The presence of longi-

tudinal tension has no efiect upon the transverse stress
'I

necessary to ;roduce buckling.

The use of the interaction ‘urves to determine thie
critical stresses Tor a finite plate with edge restraint
independent of wave length is in «ll cases conservative.

Langley lMemorieal Aeronautical Laboratory
National Advisory Coamittee for Aeronautics
Langley pi=ld, Va.
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APPENDIX

RUCKLING OF INFIVITELY LONC PLATES

TTATTNTITY POV ™NTIRONT QMY TE QO
UMDTR TWQ DIRECT STRESHH

Differential eguatlion rium.- The critical
lone of Jongitud sverse direct stress
11 caun=e huckling tely long flat plate
r1th edres elastlcally re iinst rotation can
te obtained by colving t: 2l eguation of equl-
librium. This equation, nage 324 of rofer-

. A K4
ence 4, is

where [, and ﬁy are positive

coordinate syatem uscd 1g given ig
may he rewrltten and ured in the follow
4 4 2 .2

4 s 2 < 2 2
OW L o O w Ow o, . m. Ow . o OTw
’ I
<

+ k, = =+ k
\4 > . I ENE 3
Ox”* Ox“dy Oy4 he 0% J

where

“'r‘t
Lilt

Solutieon of differential ecguation.- If the plate

1 x=direction, all displacements
- -
Nt

all
he huclzled surface 1z assumed to

where Y ig a funchtion of 3 only and N ig the half
wave lenrfk of the buckle in the x-direction. Substitubion
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of the expression for

w given in equation (A3) in

the differential equation (AZ) yields the following

equation:

aty  one gcv | nt 4 e

- 2 + — Y - Ko ¥ + —

dy4 A2 aye A4 AR " o<
Equation (A4) must be satisfied by Y 1if

deflection 1is

to satisfy the differential

__ky

22
g_%,: 0 (A4)
dy

the assumed
equation (AZ2).

The expression

imy
Y =e ? (AS5)
will be a soluticr of equation (A4) when m 1s a root
of the characteristic equation
/.2 ) 2 /.2
4 o~ D S0 4 b b .
I'H*'l'(c-—;-“k TEMe + TE 2| e - kx| = O AB
N N2 (?\* > (46)
The roots of this equation are
‘ “
k. 2 /
— N D _l/ 2 b
m o= m/ gt - T g kT 4 Pl - ky)
1\'1 'b &
- ~
1 ) ) 4 (A7)
_ Ky he ] o b=~ i N
m:s = T ‘g‘!‘ - ;\"? - ky"‘ + 4 }\"'?‘\x’!x - ky)
ky  pe 1/ o He
m, = =T - — - 5/ k,* + 4 —=(k, -~ k
4 % < 7\'2 1? y }\'L( X V) J
The complete solution of equation (A4) is therefore
imyy imgy imzy imgy
Y=Pe P +3¢ ° +Re ° + Se D (A8)
where P, Q, R, and 3 are constants to be determined

from the boundary conditions.
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The solution of the differential equation (ARZ)
can now be written

imyy imoy imzy im4%>
cos

w = \Pe o + Qe b + Re b + Se

X A
— o
A (49)

Stability criterion.- The boundary conditions that
must be satisfied by the solution of the differential
equation of eguilibrium are

-~
(¥) , =0
Y'—:-2~
{Y) b = 0
y:"g
I
12y\) v (A10)
N = _gs (3¢
2§ ) , 7 ()
/ng RS
a2y = 43 /Y
A& = o} iy )
ay b (L’LJ D
:—§ y~‘~

The first two conditions result from the requirement of
zero deflection along the edges. The last two condil-
tions express the requirement that the curvature at any
point along the edge of the plate be consistent with the
transverse bending moment at the point.

If the conditions given in equations (AlQ) are
imposed upon equation (A8), four linear homogeneous
equations in P, Q, R, and S result. These equations are
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L . s L] A‘
imy img imz imy
5 5] 5
Pe © + Qe © + Re © 4 Se e _ 0
-imy -img -im3 ~1lm4
e — e
4
Pe 2 + Qe SR Re 2 L Se =0
iml imo imz img
2pe © 206 2 2 < 2 2
1, “Pe + 7 + m;<Re +
my mo<le Mz m, Se
imy ime imz img \
‘ e : 5 > (A1
-1€\mpPe Y+ moQe + mzRe + m4Se e = 0 )
-imqg ~imo -img ~imy
2 ) ) [T —
my“Pe < + mgzae 2 4+ mz®Re ° =+ maeSe <
-imq -imo -img -im4
+ 1elm Pe 2 N D . & 2
1e\m,Pe + moe + mzRe + mySe =0
o’
where
43.b
€ ':: NS
_ D
In order for P, Q, R, and S to have values other
than zero, that 1s, in order for the plate to buckle,
the determinant formed by the coefficients of P, Q, R,
and S in equations (All) must equel zero. The expansion

of this cdeterminant is given on
for the case in which the roots

equation are of the form

"3

L1

SE

=
o

page 13 of reference

of the characteristic
2
¥
3
¥
= (Al2)
ia
- ia
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In the present problem, the roots (equations (A7)) of
the characteristic equation have the form of equa-
tions (A1), where

/' 2 2 .
T 2Y, 1/ o b
b= §V("E§Z “yz) eyt 4y G - Xy S (a1

14 "2 f 2
S A . S T A A

Substitution of ¥ = 0 in the stabillity criterion
given as equation (Al9) of reference 5 vields a
stability criterion that ies applicabile to the present

problem. This stability criterion is

:
AN rd

k 2 Y 2| .
‘a2 + EE) + <a2 - 5"2) £ | sinh 2q¢ sin 23
\ : L

- 2a1§ i (cosh 2a cos 2B ~ l)

ek

-
+ e",

[

Q

(0;2 + f_ze ' cosh 2a sin 2R = ;3(@2 + ﬁg)sinh 2a cos 2R = 0

\ [
(ALL)

!

where « and 3 are defined in equations (413). Any
combination of values kx, ky, b/A, and ¢ that satisfies

equation (Al4) will cause the plate to be on the point
of buckling.

Interaction curves for restraint independent of
wave lcaguh.- The procedurs for plotting interaction
curves is as followss: Tor a given value of €, a value
of l\:y is chosen. Substitution of these values of ky
and € in equabtion (Al4) yields an eguation in terms
of %y &and t/A. A plot of ky against b/A is then
made. Every point on this curve represents a combination
of ky and /A that will maintain neutral equilibrium
for the given value of € and the chosen value of k

v
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Since the plate will buckle at the lowest value of ky

that will maintain neutral ch1¢1o¢1um, ornly the minimum
value of k, is taken from the plot of ky against /N
This process ig repestsed for other assumed values of kv
and each time a miaimum value of k is determined.
Finelly, the interaction curve of ky against the minimum

value of &k can be plotted for the given value of ¢,

=

8

s »

he special case of a plate with simply supporbed
edges (€ = s Letion (A24) iz simplified to such an
extent that the minimization of ky with respect to b/A

can readlly be done analytically. The equation of the inter-
action curve fer ¢ = 0 can then te gilven explicitly as

“

For t

/ \
k=201« V1 - kg (415)

The plotting procedure just discussed and the
analytical solution for the case of sgimply supported
edges (equation (AlE)) glve only the curved portions of
the interaction curves., The conclusion that the vertical
portions also represent critical stress combinations and
are therefore properly a part of the interaction curves
depends upon an argument analogous to that at the end of
aprendix B of reference 2. This argument 1s based on
‘the fact that the end point of the curved portion of each
curve can be shown to represent a combination ¢f stresses
for which the buckle wave length is infinite. When the
wave length 1s infinite, the longituvdinal stress can do
no work during buckling. Aocordlngly, the transverse
stress reguired to produce buckling 1s the same as it
would be in the absence of longitudinal compression.
Inasmuch as a reduction Iin longltudinal compression tends
to increase rather than to diminish the wave length, the
same argument applies to all points on a vertical line
below the end point of the curved portion of each curve.
For a given value of ¢, consequently, those critical
combinations of stress for which the buckle wave length
is infinite are defined by a straight 1ine of constant

ky that starts at the end point of the curved portion

)

and extends indefinitely into the tension region of kx.
This value of ky is the value corresponding to ERuler
strip buckling and is related to € Dby the equation
{adapted from equation (AZ1) of reference 6)

—
-Ti/k
€ = ———
"

tan nf—
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(a) Loading combination treated in reference 1.
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(b) Loading combination treated in reference 2.
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(c) Loading combination treated in present paper.

1221,

Hit

Figure 1l.- Bucklling of an infinitely long flat plate under
comblined loads,

NATIONAL ADVISORY
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Fig. 4a-c
e S U
A —\ - - - A
\ \ Vo \
Section A-A
(a) Buckle form for shear alone,
-—é‘ ‘Nodes‘ ‘P<__
B — ey, _ _ _ - - B
R . -——
Section B-B

Buckle form for longitudinal compression alone.

NI

(®)

T Section C-C

(R B N R PR

(¢) Buckle form for transverse compression alone.
NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Pigure lj.- Buckle forms for a simply supported, infinitely
long flat plate.
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NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Flgure 5.- Coordinate system used in the present paper for
. an infinitely long flat plate.
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Figure 6.- Comparison of interaction curves for infinitely
long plates and interaction curves for plates having
a length-width ratlo of L.



